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REFLECTIONS IN A CUP OF COFFEE
RAF BOCKLANDT
ABSTRACT. Allegedly, Brouwer discovered his famous fixed point theorem while stirring
a cup of coffee and noticing that there is always at least one point in the liquid that does not
move. In this paper, based on a talk in honour of Brouwer at the University of Amsterdam,
we will explore how Brouwer’s ideas about this phenomenon spilt over in a lot of different
areas of mathematics and how this eventually led to an intriguing geometrical theory we
now know as mirror symmetry.
1. BROUWER’S BEGINNINGS
As the nineteenth century drew to a close, the famous French mathematician Henri
Poincare´ unleashed a new type of geometry onto the world, which would transform many
areas in mathematics and keep mathematicians busy until this very day. Poincare´ used
topology —or analysis situs as this new geometry was called in these days— to study
solutions of differential equations by looking at the global structure of the spaces on which
they were defined [20].
This global information was of a different nature than the classical geometrical prop-
erties like distances and angles. Unlike the latter, topological properties of a space do not
change under continuous deformations like stretching and bending. They describe more
robust features such as the number of holes in a space or the different ways to connect to
points. Although some of these concepts were already known before, Poincare´ brought the
subject to a new level by demonstrating how they could be used to derive higly nontrivial
results in seemingly unrelated research areas.
This whole new way of thinking formed a fertile playing ground for a new generation
of mathematicians. Among them was a brilliant Dutch student at the brink of his career
and looking for a topic to make his name and fame. Afther his PhD at the University of
Amsterdam, Luitzen Egbert Johannes Brouwer attended the international conference of
mathematics in Rome in 1908 [24]. Impressed by Poincare´ and his ideas, Brouwer started
to work on questions on vector fields on surfaces and mappings between spaces, which
resulted in several papers about these topics.
In his papers on vector fields [3, 11] Brouwer showed that every vector field on the
sphere has a singular point. This is known as the hairy ball theorem because in colloquial
terms it states that you cannot comb a hairy ball (like a tennis ball) without creating a
crown. This was already proved by Poincare´ but in a more restricted setting. In his fur-
ther study Brouwer looked closer at the singular points that can occur by introducing the
winding number of a singularity in a purely topological way.
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FIGURE 1. The hairy ball theorem: A vector field on a sphere with one
singular point and one with two singular points.
The winding number of a singular point measures how many times the direction of a
vector field turns around if one follows a small loop around the singular point. To make
this precise one can look at the map ω : S1 → S1 where the first S1 is the little loop around
the singularity, the second S1 is the set of vector directions in the plane and ω maps each
point in the loop to its vector direction. If we take a point p ∈ S1, its preimage ω−1(p) will
be a finite set. For each point q ∈ ω−1(p) we can check whether ω is orientation preserving
at q or not and we can count the difference between the number of orientation preserving
points and the orientation reversing points. For all p for which it is defined, this difference
is the same and it is called the winding number.
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FIGURE 2. A singularity with winding number −1
Brouwer noted that this definition made sense for any mapping pi : M → N between
two oriented manifolds and he called it the mapping degree. He realized the power of this
new concept and explored its consequences and applications in the paper U¨ber Abbildung
von Mannigfaltigkeiten [4]. In this paper he not only introduced the mapping degree but
also many other concepts that have become indispensable tools in geometry and topology,
such as simplices, simplicial approximations and homotopy of maps. This paper had an
enormous impact on mathematics and it ended with a result —almost an afterthought—
that would make Brouwer a household name: the Brouwer fixed point theorem. The fixed
point theorem states that every continuous map from the n-simplex (or closed n-ball) to
itself has a point that is fixed by the map.
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FIGURE 3. The Brouwer degree of a mapping
The theorem is usually explained in worldly terms by looking at a cup of coffee. In this
setting it states that no matter how you stir your cup, there will always be a point in the
liquid that did not change position and if you try to move that part by further stirring you
will inevitably move some other part back into its original position. Legend even has it that
Brouwer came up with the idea while stirring in a real cup, but whether this is true we’ll
never know. What is true however is that Brouwers refections on the topic had a profound
impact on mathematics and would lead to lots of new developments in geometry. Brouwer
himself however moved away from the subject to concentrate on more foundational issues
in mathematics and he left his geometrical ideas for others to explore [24].
FIGURE 4. Brouwer’s fixed point theorem. The black dot stays place
after a rotation and a swirl.
Many new developments in mathematics can be traced back to Brouwer’s early inves-
tigations and it is an impossible task to discuss them all. Instead we will highlight a path
that takes us from Brouwer’s beginnings along some important geometrical theories from
the twentieth century, finally leading to mirror symmetry, a theory that has huge impact
on geometry in the early 21st century, just as topology did at the beginning of the 20th
century.
2. HOMOLOGY
The idea that the shape of a space dictates the existence of singularities and fixed points
can be refined using a tool that has permeated 20th century mathematics: homology [7].
The traces of homology can be found in the work of Euler, who noticed that if one takes the
alternating sum of the number of vertices, edges and faces of a polyhedron that is sphere
shaped one always gets 2. This holds in general: if one triangulates a space by dividing
it up in simplices, the alternating sum of the number of i-dimensional simplices does not
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depend on the specific triangulation but only on the topology of the space. This number is
called the Euler characteristic and was one of the first topological invariants.
6− 12 + 8 = 2 12− 30 + 20 = 2
FIGURE 5. The Euler characteristic
The Euler characteristic is a powerful invariant that pops up in a lot of situations. In our
story Poincare´ used it to refine the existence theorem of singularities of vector fields on
surfaces. He showed that the sum of all the winding numbers of the singular points equals
the Euler characteristic of the surface. Because the Euler characteristic of the sphere is 2,
there must be at least one singular point for a vector field on a sphere.
This result was generalized by Hopf to higher dimensions. Using Brouwer’s idea of
the mapping degree one can define the index of a singular point of a vector field in higher
dimensions. Just like the winding number in two dimensions, it is the degree of the map
that maps a small n-sphere around the singularity to the n-sphere of vector directions. Hopf
proved that the sum of the indices of the singular points of a vector field always equals the
Euler characteristic of the space. This result is known as the Poincare´-Hopf theorem [13].
To get more detailed results about the singularities of a vector field, one needs a re-
finement of the Euler characteristic. The Betti numbers, introduced by Betti and put on
a firmer grounding by Poincare´ [20], measure the number of holes in a space. Their idea
was that holes can be detected by looking at boundaries. If you look at the boundary of a
submanifold, you may notice that it has no boundary itself: e.g. the boundary of a disk is
a circle and a circle has no end points. A subspace without boundary is called a cycle, so
every boundary is a cycle. The converse is however not always true, some cycles are not
the boundary of something else e.g. if we look at a circle embedded in a ring this circle
is not the boundary of something because there is a hole in the ring. Poincare´ defined the
nth-Betti number as the maximal number of n-dimensional cycles that do not form the
boundary of an n+ 1-dimensional submanifold.
To turn this into something easy to work with, it is best to linearize this construction
by introducing a homology theory. The idea is to associate to the space a complex. This
is a graded vector space V• with a linear operator d : V• → V• of degree −1, which is
called the boundary operater. Because the boundary of a boundary is empty, we demand
that d2 = 0. In a complex we have that Imd ⊂ Kerd and we can calculate the quotient
H•(V ) :=
Kerd
Imd
.
This is called the homology of the complex.
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Starting from a triangulation of a manifoldM, we take Vi to be the vector space spanned
by all i-dimensional simplices and d maps an i-simplex to the signed sum of the i − 1-
simplices that make up its boundary. Although V• depends highly on the triangulation of
the space, the homology does not: different triangulations give homologies that are iso-
morphic as graded vector spaces. The dimensions of the n-th degree part of the homology
is called the n-th Betti number of the space. One can show that the alternating sum of the
Betti numbers equals the Euler characteristic and hence they can be seen as a refinement
of this invariant.
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FIGURE 6. The Betti numbers of a torus.
A triangulation is just one way to cook up a complex. This technique goes under the
name of simplicial homology, but soon there were many others using different ideas in
geometry: cellular homology, singular homology, de Rham cohomology, etc. All gave dif-
ferent complexes with the same underlying homology and therefore they could be used to
explore connections between many different aspects of geometry [7]. This proved to be so
useful that it soon spread over the many other fields in mathematics and these days almost
all areas in mathematics make use of homology theories. Homology has become a versa-
tile tool that can be used to measure holes, intersections, deformations and obstructions for
many different mathematical objects [26].
We will now split our story in two and highlight two examples of homology theory that
arose out of this in the second half of the twentieth century: sheaf cohomology and Floer
homology. We will discuss both theories from the viewpoint of Brouwer’s work and then
we will braid them together in the final act of our story.
3. SHEAVES AND THEIR COHOMOLOGY
Jean Leray was a French mathematician who had worked on extending Brouwer’s fixed
point theorem to infinite dimensional settings and had used it to prove existence results for
partial differential equations. However by 1940 he found himself locked up as a prisoner
of war in a camp in Austria and to bide his time he decided to devote himself to the study
of algebraic topology. During the next five years he developed three ideas that would be
very influential after the war: sheaves, sheaf cohomology and spectral sequences [19].
Geometrically a sheaf over a space M can be seen as a generalization of a bundle, from
the point of view of its sections. A section of a bundle pi : B →M assigns in a continuous
way to each point m ∈ M an element of its fiber pi−1(m). If this is done for the whole
of M then we call this a global section, but if it only works for an open part of M we call
it a local section. Local sections that overlap can be glued together to make bigger local
sections and if we formalize this behaviour we arrive at the notion of a sheaf.
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Brouwer’s theorem on vector fields can be restated in sheaf terminology: the sheaf cor-
responding to the tangent bundle TS2 does not admit a nowhere vanishing global section.
The existence of global sections and the obstructions in the gluing process are governed by
a homology theory, sheaf cohomology, which assigns to each sheaf a sequence of homol-
ogy groups. The classical homology groups of a manifold can be recovered by looking at
the sheaf cohomology of a special sheaf: the constant sheaf with coefficients in R.
FIGURE 7. The cylinder sheaf over the circle admits a nonvanishing
section while the Moebius sheaf does not
After returning to France, Leray published his wartime exploits in the Comptes Rendues
where they were picked up by Cartan and Serre and many other mathematicians in Paris.
Inspired by these homological techniques, Paris in the fifties and sixties became the place
and time for a revolution in complex and algebraic geometry. Under the lead of Alexander
Grothendieck the field was reworked, reinterpreted and extended beyond recognition. The
new algebraic geometry was firmly founded on the notions of sheaves and their different
cohomology theories. These ideas were used to prove many big results such as a far-
reaching generalization of the Riemann-Roch theorem and the celebrated Weil conjectures
[8].
We can illustrate the idea of sheaf cohomology with an example. The Riemann sphere
P1 is an algebraic variety that can be constructed by gluing two copies of C together by
identifying the coordinate of the first copy with the inverse of the coordinate of the second
copy. The polynomial functions on the two parts can be seen as C[z] and C[z−1]. A sheaf
M on P1 consists of a C[z]-module M1, a C[z−1]-module M2 and a C[z, z−1]-module
M12 together with restriction morphisms φi : Mi →M12. A global section ofM consists
of a pair (m1,m2) ∈M1 ⊕M2 that agrees on the intersection: φ1(m1) = φ2(m2). These
can be seen as elements in the zeroth cohomology of the following complex.
M1 ⊕M2
φ1 ⊕−φ2
M12
The elements of the first cohomology are elements in M12 that do not come from restric-
tions of elements of M1 or M2. In other words these are local sections that are obstructed.
An easy example of a sheaf is O(i). Here M12 = C[z, z−1], M1 = C[z], M2 =
ziC[z−1] and the restriction maps are embeddings. From the discussion above it is clear
that O(i) has 1 + i linearly independent global sections if i ≥ 0 and none otherwise. On
the other hand the first cohomology group of O(i) is −1− i-dimensional if i < 0 and zero
otherwise:
dimH0(O(i)) =
{
i+ 1 i ≥ 0
0 i < 0
dimH1(O(i)) =
{
0 i ≥ 0
−1− i i < 0.
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4. MORSE AND FLOER
Morse theory was first developed by Marston Morse [2], an American professor with
whom Brouwer corresponded and whom he also payed a visit at the Institute of Advanced
Studies in Princeton [24]. Morse’s original idea was to study the shape of a manifold by
slicing it like a boiled egg and studying how the slices differ from another. The slicing
tool he used was a Morse function f : M → R, which is a smooth function with non-
degenerate singularities. The singularities of f are points where
(
f
∂xi
)
vanishes and they
are nondegenerate if the Hessian
(
∂2f
∂xi∂xj
)
is an invertible matrix. Singularities come in
different flavours depending on the number of negative eigenvalues of the Hessian. This
number is called the Morse index. Whenever the slicer crosses a singular point, the topol-
ogy of the slice will change. Morse studied these changes to find handle decompositions
of manifolds.
FIGURE 8. Morse theory on a torus: At the black dot, a singular point
with Morse index 1, the slice splits in two.
The original work of Morse did not emphasize the relation with homology groups. His
ideas were revisited by many mathematicians to make this connection more explicit, such
as Milnor, Thom and Smale [15]. Finally in 1982 Witten [27] gave this new approach
more visibility to the outside world via his work on supersymmetry. The idea is to use
a metric on the manifold to turn the Morse function f into a vector field by taking the
gradient ∇f . Singular points in the Morse function will correspond to singularities of the
vector field and the Morse index will count the number of incoming directions of the vector
field. It is important to note that the Morse index is not the same as the Brouwer index for
singularities of vector fields. For singularities coming from Morse functions the Brouwer
index is −1 to the power of the Morse index.
From the vector field ∇f one can construct a complex. The i-degree component is the
vector space spanned by the singularities with Morse index i and the differential d maps
each singularity with Morse index i to a sum of all the index i− 1 singularities that can be
reached by an integral curve of the vector field. Multiple connecting paths contribute each
with a sign. One of the main results in this revisited version of Morse theory is that the
homology of this complex equals the simplicial homology of the space. This result tells us
that the number of critical points of f must be at least equal to the sum of all Betti numbers,
otherwise the complex could not have the required homology. Likewise we have a lower
bound on the number of singularities in the vector field∇f and the number of fixpoints of
the map exp(t∇f) : M→M.
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FIGURE 9. The Morse complex of a torus: each path is canceled by a
path with opposite sign, so all differentials are zero.
(credit: Jeremy van der Heyden)
The Morse complex can also be given a more physical interpretation: the manifold M
represents the space in which a particle can move under a force given by a potential f .
The singularities are the points where the particle is in equilibrium and the Morse index
measures how stable these equilibria are. The differential counts how many paths there
are between the equilibria. This dynamical interpretation of Morse theory indicated that
this theory could somehow be extended to more general dynamic settings. In mathematical
terms this meant an excursion into symplectic geometry.
Symplectic manifolds were introduced by Hermann Weyl as a mathematical model for
phase space in physics. They are even-dimensional manifolds equiped with a closed two-
form, that can be used to measure areas. The two-form also allows us to identify the tangent
bundle and the cotangent bundle, so the differential df of a function f can be turned into a
vector field called the Hamiltonian vector field. This vector field gives a dynamical flow:
the Hamiltonian flow. The standard example is the cotangent space of a manifold T∗M
with the two-form ω =
∑
dpi ∧ dqi and if we take for f the total energy of the system, the
Hamiltonian flow will give the dynamics of the physical system.
If we go back to the example from Morse homology, the function f : M → R can be
turned into a Hamiltonian by adding a kinetic energy term. The Hamiltonian vector field
will project onto ∇f and hence describes our physical model of Morse theory. The fixed
points of the Hamiltonian vector field are the singular points of f , but they can also be inter-
preted as intersection points. The manifold M sits inside T∗M as a maximal-dimensional
subspace on which ω vanishes. Such subspaces are called Lagrangian subspaces and a
Hamiltonian flow maps a Lagrangian subspace to a Lagrangian subspace. If we look at the
flowed version of the φt(M) ⊂ T∗M we see that it intersects M at the points where f is
singular, so the Morse complex of (M,f) is spanned by the intersection points of φt(M)
and M and the connecting paths swipe out strips with boundaries on the two submanifolds
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FIGURE 10. Morse homology as Floer homology: each critical point
induces an intersection point and each path inM induces a strip in T∗M.
This observation lead Andreas Floer to construct a complex for any pair of Lagrangian
submanifolds that intersect normally [10]. Again the complex is spanned by the intersec-
tion points and the differential is given by strips between them. In the Morse case the
connecting lines depended on the metric and the Morse function, but ultimately the homol-
ogy only depended topology of M. Similarly Floer needed a (almost)-complex structure
on M to define his strips as (pseudo)-holomorphic disks, but ultimately the homology of
his complex only depended on the symplectic topology of the space and the Lagrangian
submanifolds. Moreover the homology did not change under Hamiltion flows of the La-
grangian submanifolds, so it only depended on the Hamiltonian isotopy classes of the
submanifolds.
In the spirit of Brouwer, Floer used his ideas to tackle a famous question about fixed
points: Arnold’s conjecture [9, 18]. This conjecture states that any Hamiltonian map of a
manifold M onto itself has at least as many fixed points as the sum of the Betti numbers
of M. Floer was able to prove this conjecture under certain conditions. The techniques
introduced by Floer opened up a whole new branch in mathematics: symplectic topology.
This research area gained a lot of interest in the next decades and is still very active today.
Sadly Floer did not live to see his legacy, he commited suicide in 1991 [14]. Coincidentally
this was the same year that the final ingredient of our story entered the mathematical scene:
mirror symmetry.
5. THE NEW BEGINNING
Mirror symmetry has its origins in superstring theory, a theory in quantum physics that
aims to unite all forces of nature by postulating that elementary particles are not points but
tiny strings that move in a ten dimensional world. The ten dimensions consist of the four
classical spacetime dimensions and six that are rolled up to form a compact manifold. This
manifold M has a lot of extra structure: it has a symplectic structure, a complex structure,
and it is Calabi-Yau, which is the complex analogon of being orientable. The shape of the
space determines how the particles behave in spacetime but the complexity of the theory
keeps a full study of the implications of the theory currently out of reach.
In order to make sense of the theory, physicists look at approximations that concentrate
only certain aspects and this resulted in two models that were being pursued. The A-model
looks at the symplectic structure but ignores the complex structure and the B-model does
the opposite [25]. While doing calculations, physicists noticed that calculations for the
A-model of a certain manifold M yielded the same results as calculations for the B-model
of a different manifoldM′. These two manifolds were called mirrors of each other because
their Hodge numbers, a refinement of the Betti numbers, were reversed. This observation
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was very useful because in some cases calculations in the A-model were easier, while in
other cases calculations in the B-model were easier.
At that time, the mid eighties, mathematicians took no notice of this but this changed
when in 1991 four physicists, Candelas, De la Ossa, Green and Parkes, [6] used these ideas
to conjecture a formula that counted the number of curves of any degree in the quintic
threefold. At that time mathematicians had only counted these curves in very low degree
and had absolutely no idea what a general formula would look like. After some period
of disbelief mathematicians became convinced that this formula really worked but they
could not understand the physical reasoning behind it. Many mathematicians embarked on
a quest to uncover the mathematics that made this work. By the turn of the century several
mathematical proofs of this formula were found [12, 17].
In 1994 Kontsevich gave a visionary talk at the International Congress of Mathemati-
cians in Zu¨rich [16]. In this talk he layed out a research program that is now known under
the name of Homological Mirror Symmetry. He proposed that mirror symmetry should be
seen as a correspondence between the homology theories associated to the two types of
geometry involved: Floer theory for symplectic geometry and sheaf cohomology for com-
plex geometry. For each pair of Lagrangian submanifolds in M there should exist a pair of
sheaves on the mirror M′ such that the Floer homology of the Lagrangians is isomorphic
to the sheaf homology between the two sheaves1. To make this precise he made use of the
language of categories. To each of the manifolds one can assign a category that packages
the homological informations in a neat way: the derived Fukaya category DFukM on the
symplectic side and the derived category of coherent sheaves DCohM′. Mirror symmetry
manifests itself as an equivalence between these two categories.
The first instance of homological mirror symmetry was worked out by Polishchuk and
Zaslow in 1998 [21]. They consider the case where M is a symplectic torus and in that
case M′ is also a torus (but with the structure of an elliptic curve). The Lagrangian sub-
manifolds are closed curves on the torus and they can be characterized by two numbers
(a, b) which denote the direction of the line. These numbers must be integers to make sure
that the line closes in on itself on the torus. Sheaves on an elliptic curve have also two
integers associated to them: their rank and their degree. By identifying these (and other)
numerical invariants Polishchuk and Zaslow were indeed able to construct an equivalence
of categories.
DFukM ∼=
.
x0
γ1
γ2
γ3
DCohM′
Sp
skyscraper sheaf on p
O(p− p0)
linebundle of degree 0
O(p)
linebundle of degree 1
FIGURE 11. Mirror symmetry for the torus: closed curves on the torus
correspond to sheaves on the elliptic curve.
1Technically we need to take complexes of sheaves and Lagrangians
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In the new millenium Homological Mirror Symmetry became the inspiration for a lot
of mathematical research. Proofs were given in other special instances and the conjecture
was extended to situations where the mirror is not a manifold but something more exotic
such as a singular or noncommutative space. Techniques that were developed to overcome
difficulties in the study of mirror symmetry had a major impact on the research in related
areas in geometry, algebra, category theory and theoretical physics. This has lead to a
new way of thinking about the relations between these different subjects that will influence
future of mathematics for many years to come.
6. FURTHER READING
I sketched a path that connects Brouwer’s topological work with modern developments
in geometry. The path is only one of many interesting walks one can take along the history
of 20th century geometry and topology. For the interested reader I provide some interesting
travel guides along the way. First of all, for those interested in Brouwer’s life and legacy
I recommend the biography L. E. J. Brouwer: Topologist, Intuitionist, Philosopher. How
Mathematics is Rooted in Life by Van Dalen [24]. More about the history of algebraic
topology and algebraic geometry can be found in the books of Dieudonne, A History of
Algebraic and Differential Topology, 1900 - 1960, [7] and History of Algebraic geometry
[8]. A good overview of Morse theory can be found in Bott’s article Morse indomitable [2]
and for Floer theory I refer to the notes by Salamon [22]. How Floer theory gave rise to the
Fukaya category is treated in Smith’s A symplectic prolegomenon [23]. For the B-model I
recommend Calda˘ra˘ru’s lecture notes Derived categories of sheaves: a skimming [5]. For
homological mirror symmetry I do not know a good historical overview article but several
basic examples are worked out in Ballard’s Meet homological mirror symmetry [1], while
some geometrical ideas behind it and their relations to string theory are discussed in the
popularizing book by Yau, The Shape of Inner Space: String Theory and the Geometry of
the Universe’s Hidden Dimensions [28].
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